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68 A.B. Chahbi et al.homomorphism h : G ! G0 and a constant c > 0, depending only on G and G0 such
that dðfðxÞ; hðxÞÞ 6 cd for all x in G?
In 1941, Hyers [17] gave the partial solution to Ulam’s question in Banach spaces.
The result of Hyers was extended, for additive mappings by Aoki [1] and later, for lin-
ear mappings by Rassias [29]. For more information on the history of the concept see
[4,5,7,11,15,18–20,23,25,32–34,36–38] and especially the recent developments of the
stability in [6,7].
The ﬁrst stability theorem for the K-quadratic functional equation was proved for
K ¼ fidg by Hyers–Ulam (1941) [17] and Rassias (1978) [31] and for K ¼ fid; idg
by Skof (1983) [35] in Banach spaces. Cholewa (1984) [12] extended Skof’s result to
an abelian group. Czerwik (1992) [13], in the spirit of Hyers–Ulam–Rassias generalized
Skof’s theorem.
Recently, the stability problem of the K-quadratic functional equation has been
investigated by a number of mathematicians, the interested reader should refer to
Ait Sibaha et al. [3], Bouikhalene et al. [8], Chariﬁ et al. [9,10] and Lukasik [26], see
also [6,20,22–24,31].
In 1897, Hensel [16] discovered the p-adic numbers. Let p be a ﬁxed prime number
and x a nonzero rational number, there exists a unique integer vpðxÞ 2 Z such that
x ¼ pvpðxÞ a
b
where a and b are integers co-prime to p. The function deﬁned in Q by
jxjp ¼ pvpðxÞ is called a p-adic, a ultrametric or simply a non-Archimedean absolute va-
lue on Q. So, with the p-adic absolute value Q is called a p-adic or a non-Archimedean
ﬁeld. The completion, denoted by Qp of Q with respect to the metric deﬁned by the p-
adic absolute value is called the p-adic numbers. Their elements are the formal series
pvpðxÞ
P
iP0aip
i, with a0 – 0 and jaij 6 p 1 are integers.
In general, by a non-Archimedean ﬁeld, we mean a ﬁeld k equipped with a function
j j : k! ½0;þ1Þ, called a non-Archimedean absolute value on k and satisfying the fol-
lowing conditions
i. jxj ¼ 0() x ¼ 0
ii. jxyj ¼ jxjjyj; x; y 2 k
iii. jxþ yj 6 maxðjxj; jyjÞ; x; y 2 k.
We assume, throughout this paper that this value absolute is non-trivial i.e., there
exists an element k of k such that, jkj – 0; 1.
By a non-Archimedean vector space, we mean a vector space E over a non-Archi-
medean ﬁeld k equipped with a function k k : E! ½0;þ1Þ called a non-Archimedean
norm on E and satisfying the following properties
i. kxk ¼ 0() x ¼ 0,
ii. kkxk ¼ jkjkxk; ðk; xÞ 2 k  E,
iii. kxþ yk 6 maxðkxk; kykÞ; x; y 2 E.
The particularity of a non-Archimedean norm is the fact that they do not satisfy the
Archimedean axiom and a sequence fxng is Cauchy if and only if fxnþ1  xng converges
to zero.
In 2005 Arriola and Beyer in [2], initiated the stability of Cauchy functional equa-
tion over p-adic ﬁelds. In 2007, Sal Moslehian and Rassias [29] studied the stability
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author investigated, by using the ﬁxed point method the non-Archimedean stability of
a quadratic functional equation.
Following this investigation, we deal with the operatorial approach, in a non-
Archimedean space, the Hyers–Ulam stability of a Pexiderized version of the
K-quadratic functional equation,X
k2K
fðxþ k  yÞ ¼ jgðxÞ þ jhðyÞ; x; y 2 E; ð1:1Þwhere f; g; h : E ! F are applications from a normed space E into a non-Archimedean
space F; K is a ﬁnite abelian subgroup of the group of automorphisms of E and j
denotes the order of K.
The present paper is a continuation, in a non-Archimedean space of the previous
work by Chariﬁ et al. [9,10].
The paper is organized as follows: in the second section we give some notions,
notations and preliminary results. In the third section, we derive the non-Archimedean
stability of Eq. (1.1).
2. NOTATIONS AND PRELIMINARY RESULTS
In this section, we introduce some notions and notations. We give necessary results for
the proof of Theorem 2.6. They are a faithful translation, in terms of a non-
Archimedean norm of results which were given in the case of a usual norm by Hyers in [21].
A function A : E! F between vector spaces E and F is said to be additive provided
if Aðxþ yÞ ¼ AðxÞ þ AðyÞ for all x; y 2 E; in this case it is easily seen that
AðrxÞ ¼ rAðxÞ for all x 2 E and all r 2 Q.
Let k 2 N and A : Ek ! F be a function, then we say that A is k-additive provided if
it is additive in each variable; in addition we say that A is symmetric provided ifAðxrð1Þ; xrð2Þ; . . . ; xrðkÞÞ ¼ Aðx1; x2; . . . ; xkÞ
whenever x1; x2; . . . ; xk 2 E and r is a permutation of ð1; 2; . . . ; kÞ.
Let k 2 N and A : Ek ! F be symmetric and k-additive and let
AkðxÞ ¼ Aðx; x; . . . ; xÞ for x 2 E and note that AkðrxÞ ¼ rkAkðxÞ whenever x 2 E and
r 2 Q.
In this way a function Ak : E ! F which satisﬁes for all
k 2 Q and x 2 E; AkðkxÞ ¼ kkAk will be called a rational-homogeneous form of de-
gree k (assuming Ak – 0).
A function p : E! F is called a generalized polynomial (GP) function of degree
m 2 N if there exist a0 2 E and a rational-homogeneous form Ak : E! F (for
1 6 k 6 m) of degree k, such thatpðxÞ ¼ a0 þ
Xm
k¼1
AkðxÞfor x 2 E.
Let FE denote the vector space (over a ﬁeld K) consisting of all maps from E into F.
For h 2 E deﬁne the linear difference operator Dh on FE by
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for f 2 FE and x 2 E. Notice that these difference operators commute (Dh1Dh2 ¼ Dh2Dh1
for all h1; h2 2 E) and if h 2 E and n 2 N, then Dnh the nth iterate of Dh satisﬁesDnh fðxÞ ¼
Xn
k¼0
ð1Þnk n
k
 
fðxþ khÞfor f 2 FE and x; h 2 E.
The following theorems were proved by Mazur and Orlicz [27,28], and in greater
generality by Djokovic [14].
Theorem 2.1. Let n 2 N and f : E! F be a function between a vector space E and F, then
the following assertions are equivalent,
(1) Dnh f ðxÞ ¼ 0 for all x; h 2 E.
(2) Dhn . . .Dh1f ðxÞ ¼ 0 for all x; h1; . . . ; hn 2 E.
(3) f is a GP function of degree at most n 1.
Theorem 2.2. Let Ak : E! F be a rational-homogeneous form of degree k, then there
exists a unique symmetric k-additive transformation A : Ek ! F such thatAkðxÞ ¼ Aðx; . . . ; xÞ:
The k-additive transformation is often called the polar of transformation Ak and it is given
by the formulaAðx1; . . . ; xkÞ ¼ 1
k!
Dkx1...xkAkðxÞ:Lemma 2.3. Let E be a vector space, F a non-Archimedean Banach space and
p 2 N; jpj– 1. Let d be a ﬁxed positive number and f : E! F be a function satisfying
one of two conditions1Þ D2h fðxÞ
  6 d; x; h 2 E;
2Þ DhfðxÞ  Dhfð0Þk k 6 d; x; h 2 E;
ð2:2Þthen there exists an additive mapping A : E! F given by
AðxÞ ¼ lim
n!þ1
pnfðpnxÞand such thatkAðxÞ  fðxÞ þ fð0Þk 6 dProof. The proof is the same on the Assumption 1) or 2). Assume that 1) is true and
put g ¼ f fð0Þ, so by (2.2) we have D2hgðxÞ
  6 d for all x and h in E. Replacing x by 0
and h by x, we get
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for all x in E. Replacing h by x we obtainkgð3xÞ  2gð2xÞ þ gðxÞk 6 d: ð2:4Þ
Therefore, taking into account (2.3) and (2.4), we obtainkgð3xÞ  3gðxÞk 6 d: ð2:5Þ
We will prove by mathematical induction thatkgðpxÞ  pgðxÞk 6 d: ð2:6Þ
We suppose that (2.6) true for all k 6 p. Replacing x by ðp 1Þx and h by x in (2.2) we
getjjgððpþ 1ÞxÞ  2gððpÞxÞ þ gððp 1ÞxÞjj 6 d ð2:7Þ
and by hypothesis of induction we havejjgððp 1ÞxÞ  ðp 1Þ2gðxÞjj 6 d: ð2:8Þ
By using the inequalities 2.6, 2.7 and 2.8, we get the resultkgðpxÞ  pgðxÞk 6 d; p 2 N; x 2 E:
We put qnðxÞ ¼ pngðpnxÞ, we have when replaced x by pn1x in (2.6)kgðpnxÞ  pgðpðnþ1ÞxÞk 6 d: ð2:9Þ
By multiplying this inequality by pn we getkqnþ1ðxÞ  qnðxÞk 6 jpnjd: ð2:10Þ
Thus, since jpj– 0; 1; qnðxÞ is a Cauchy sequence, as F is complete hence qnðxÞ con-
verge to AðxÞ. Now we haveD2hAðxÞ
  ¼ lim
n!þ1
pnD2pnhgðpnxÞ
  6 lim
n!þ1
jpnjd ¼ 0:We see that D2hAðxÞ ¼ 0 for all x and h in E. Thus, from Theorem 1.1 A is additive on
E. By using (2.6) we have kqnðxÞ  gðxÞk 6 d, and taking limits as n!1, we obtainkAðxÞ  fðxÞ þ fð0Þk 6 d
AðxÞ ¼ lim
n!þ1
pnDpnxfð0Þ:This ends the proof of the lemma. h
Lemma 2.4. Let E be a vector space, F a non-Archimedean space and p 2 N; jpj– 1.
Let h : E2 ! F be either identically zero or else a rational-homogeneous form of degree
k 1 ðk > 1Þ in x for each y; q : E2 ! F a transformation of degree at most k 2 in
x which vanishes for x ¼ 0 and f : E! F be a function satisfying the inequalityk fðxþ yÞ  fðxÞ  fðyÞ þ fð0Þ  qðx; yÞ  hðx; yÞk 6 d; x; y 2 E; ð2:11Þ
Then hðx; xÞ ¼ kAkðxÞ, where Ak : E! F is either identically zero or else a homogeneous
form of degree k,
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k!
lim
n!þ1
jpknjDkpnx fð0Þ:Moreover hðx; yÞ is given by the formulahðx; yÞ ¼ 1ðk 1Þ! limn!þ1jp
ðk1ÞnjDk1pnxDyð f Þð0Þ:Proof. By the hypothesis made on h, there exists a map A : Ek ! F which is additive
and symmetric in its ﬁrst k 1 arguments, such thathðx; yÞ ¼ 1ðk 1Þ!Aðx; . . . ; x; yÞ: ð2:12ÞIn view of (2.1) and (2.11), treating y as a constant and using the increments
x1; . . . ; xk1, we haveDxk
1
...xk1yfðxÞ  Dxk11 ...xk1qðx; yÞ  D
k1
x1...xk1hðx; yÞ
  6 d:
Since qðx; yÞ is of degree at most k 2 in x, by Theorem (2.1)Dk1x1...xk1qðx; yÞ ¼ 0:
Also from (2.12) and Theorem (2.2) it follows thatDk1x1...xk1hðx; yÞ ¼ Aðx1; . . . ; xk1; yÞ:
Thus we haveDkx1...xk1y fðxÞ  Aðx1; . . . ; xk1; yÞ
  6 d: ð2:13ÞUsing the fact that, for each j; 1 6 j 6 k 1 the kth difference in (2.13) is symmetric in
all of its increments, then we obtain thatDkx1...xk1y fðxÞ  Aðx1; . . . ; xj1; y; xjþ1; . . . ; xk; xjÞ
  6 d: ð2:14ÞNow, from (2.13) and (2.14) we getkAðx1; . . . ; xk1; yÞ  Aðx1; . . . ; xj1; y; xjþ1; . . . ; xk; xjÞk 6 d ð2:15Þ
In order, to prove that A is additive in its last argument and symmetric in all of its
arguments we distinguish two cases.
(1) Case k > 2. Since k > 2, there exists an index i; 1 6 i 6 k  1 such that i – j. In
(2.13), replacing xi by pnxi, multiplying this inequality by pn and taking the limit
as n !1, we obtain that A is symmetric in all of its arguments. Obviously A
must be necessarily additive in its last argument. From inequality (2.13) we haveDk1x1...xk1Dyfð0Þ  Aðx1; . . . ; xk1; yÞ
  6 d:Now, take each xj ¼ pnx, multiply the last inequality by pnðk1Þðk1Þ!, and then let n tend to
inﬁnity. By (2.12) we get
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ðk1ÞnDk1pnxDyfð0Þ:In a similar way, if we deﬁne AkðxÞ ¼ k1hðx; xÞ and use the fact that A is additive in
each of its arguments, from (2.13) we obtain thatAkðxÞ ¼ 1
k!
lim
n!þ1
pknDkpnxfð0Þ; ð2:16Þwhich gives the sought result.
(2) Case k ¼ 2. Then (2.15) becomeskAðx1; yÞ  Aðy; x1Þk 6 d
for all x1 and y in E , where A is additive in the ﬁrst argument. Replacing x1 by p
nx1,
and multiplying by pn, where n and p are any positive integer, we obtainkAðx1; yÞ  pnAðy; pnxÞk 6 jpjnd
and so by letting n tend to inﬁnityAðx1; yÞ ¼ lim
n!þ1
pnAðy; pnx1Þ: ð2:17ÞThusAðx1; yþ zÞ ¼ lim
n!þ1
pnAðyþ z; pnx1Þ
¼ lim
n!þ1
pnAðy; pnx1Þ þ lim
n!þ1
pnAðz; pnx1Þ
¼ Aðx1; yÞ þ Aðx1; zÞ
so that A is additive in its second argument. Now, the symmetry is given by (2.17) and
additivity of A, which completes the proof of Lemma 2.2. h
Proposition 2.5. Let E be a vector space, F be a non-Archimedean Banach space and
p 2 N; jpj – 1. Let d be a ﬁxed positive number and f : E ! F be a function satisfying
the inequalityDmh1...hmfðxÞ
  6 d; x; h1; . . . ; hm 2 E: ð2:18ÞThen there exists a GP function pm1 : E! F which is of degree at most m 1, such that,
kfðxÞ  pm1ðxÞk 6 d for all x in E: ð2:19ÞMoreover pm1 is given by the formulapm1ðxÞ ¼ fð0Þ þ A1ðxÞ þ . . .þ Am1ðxÞ ð2:20Þ
where each Ak is either a homogeneous form of degree k or else identically zero. In addi-
tion, the Ak are given by the formulas
74 A.B. Chahbi et al.Am1ðxÞ ¼ 1ðm 1Þ! limn!þ1p
ðm1ÞnDkpnxfð0Þ; ð2:21Þ
AkðxÞ ¼ 1
k!
lim
n!þ1
pkn Dkpnx fð0Þ 
Xm1
j¼kþ1
DkpnxAjð0Þ
( )
; ð2:22Þfor 1 6 k 6 m 2.
Proof. We shall proceed by induction on m. From Lemma (2.1), the proposition holds
for m ¼ 2, with A1ðxÞ ¼ AðxÞ. Assuming that the theorem holds for a given positive
integer m, we shall prove it for mþ 1. By the hypothesis, we haveDmþ1h1...hmþ1 fðxÞ
  6 dfor all x and hj in E; ð j ¼ 1 . . .mþ 1Þ.
Putgðx; yÞ ¼ DyfðxÞ ¼ fðxþ yÞ  fðxÞ: ð2:23Þ
Then, treating y as a ﬁxed parameter we haveDmh1...hmgðx; yÞ
  ¼ Dmh1...hmDyfðxÞ
  6 d ð2:24Þ
for each ﬁxed y and all x and hj in E; ðj ¼ 1 . . .mþ 1Þ.
By (2.24) and the induction hypothesis, there exists, for each ﬁxed y 2 E, a map
p : E ! F deﬁned by pðx; yÞ for all x in E which is of degree at most m 1 in x such
thatkgðx; yÞ  pðx; yÞk 6 d ð2:25Þ
for all x and y in E. More precisely pðx; yÞ has the formpðx; yÞ ¼ gð0; yÞ þ qðx; yÞ þ hðx; yÞ ð2:26Þ
where hðx; yÞ is a homogeneous form of degree m 1 or else is identically zero, while
qðx; yÞ is a map of degree at most m 2 in x, and qð0; yÞ ¼ 0. From, (2.23) and (2.26)
and (2.25) we obtainkfðxþ yÞ  fðxÞ  fðyÞ þ fð0Þ  qðx; yÞ  hðx; yÞk 6 d ð2:27Þ
for all x and y in E.
Now, in view of (2.27) and Lemma (2.24), the map Am : E ! F deﬁned by
AmðxÞ ¼ m1Hðx; xÞ; x 2 E, is either zero or else a homogeneous form of degree m. In
addition, we haveAmðxÞ ¼ 1
m!
lim
n!þ1
pmnDmpnxfð0Þ; ð2:28ÞAccording to Lemma 2 [21] if we putf1ðxÞ ¼ fðxÞ  AmðxÞ ð2:29Þ
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there exists the map Am1 : E! F given byAm1ðxÞ ¼ 1ðm 1Þ! limn!þ1p
ðm1Þn Dm1pnx fð0Þ  Dm1pnxAmð0Þ
n o
ð2:30Þwhich is either identically zero or else a homogeneous form of degree m 1. Again by
Lemma 2 of [21], if we putf2ðxÞ ¼ f1ðxÞ  Am1ðxÞ ð2:31Þ
then f2 satisﬁes the conditions of Lemma (2.4) for k ¼ m 2 which leads to the exis-
tence of the limitAm1ðxÞ ¼ 1
m!
lim
n!þ1
pðm1ÞnDm1pnx f2ð0Þ; ð2:32ÞandAm2ðxÞ ¼ 1ðm 2Þ! limn!þ1p
ðm2Þn Dm2pnx fð0Þ  Dm2pnxAm2ð0Þ
n o
ð2:33Þcontinuing in this way, we arrive at the mapfm2ðxÞ ¼ fðxÞ  A3ðxÞ  . . . AmðxÞ ð2:34Þ
where the AkðxÞ are given by formula (2.22) in the statement of our theorem and where
fm2 satisﬁes the inequalityk fm2ðxþ yÞ  fm2ðxÞ  fm2ðyÞ þ fm2ð0Þ  hðx; yÞk 6 d ð2:35Þ
in which hðx; yÞ is either identically zero or a homogeneous form of degree one in x.
Applying Lemma (2.4) once more and putting A2ðxÞ ¼ 12 hðx; xÞ, we haveA2ðxÞ ¼ 1
2
lim
n!þ1
p2nD2pnxfm2ð0Þwhich, in view of (2.34), also agrees with formula (2.22) of the theorem. Finally on
puttingfm1ðxÞ ¼ fm2ðxÞ  A2ðxÞ ¼ fðxÞ  A2ðxÞ  . . . AmðxÞ ð2:36Þ
and in view of Lemma (2) [14] for the case k ¼ 2, we get the inequalityk fm1ðxþ yÞ  fm1ðxÞ  fm1ðyÞ þ fm1ð0Þk 6 d ð2:37Þ
for all x and y in E.
Since fm1 satisﬁes (2.37), it follows from the Lemma (2.3) that there exists an
additive mapA1ðxÞ ¼ lim
n!þ1
pnDpnxfm1ð0Þ ð2:38Þsatisfying the inequalityk fm1ðxÞ  fm1ð0Þ  A1ðxÞk 6 d ð2:39Þ
for all x in E. Obviously A1ðxÞ agrees with formula (2.22) by (2.36) and (2.34). By
substituting (2.36) into (2.39) and observing that fm1ð0Þ ¼ fð0Þ, we obtain
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which is equivalent to conditions (2.21) and (2.22) of our proposition with m replaced
by mþ 1. Thus the induction proof has been completed and Proposition (2.5) estab-
lished. h
Theorem 2.6. Let E be a vector space, F be a non-Archimedean Banach space and
p 2 N; jpj – 1. Let d be a ﬁxed positive number and f : E ! F be a function satisfying
the inequalityDmh fðxÞ
  6 d; x; h 2 E: ð2:40ÞThen there exists a GP function pm1 : E! F which is of degree at most m 1, such that,
k fðxÞ  pm1ðxÞk 6 d for all x in E: ð2:41ÞProof. We have f satisfyDmh fðxÞ
  ¼ Xm
k¼0
ð1Þmk m
k
 
fðxþ khÞ

 6 d; x; h 2 E: By putting gk ¼ ð1Þmk mk f, we have Xm
k¼0
gkðxþ khÞ

 6 d; x; h 2 E: ð2:42Þ
For 0 6 j 6 k 6 m let ajk ¼ k j so that ajk – 0 if j < k and akk ¼ 0.
For 0 6 k 6 m and x; y; h1 2 E,ðxþmh1Þ þ kðy h1Þ ¼ xþ kyþ akmh1
From (2.40) and (2.42) we get thatXm
k¼0
ðgkðxþ kyþ akmh1Þ  gkðxþ kyÞÞ


6 max
Xm
k¼0
gkðxþ kyþ dkmh1Þ

;
Xm
k¼0
gkðxþ kyÞ


( )
6 dand since amm ¼ 0, we obtain that
Xm1
k¼0
Dakmh1gkðxþ kyÞ

 6 d ð2:43ÞRepeating the argument that led from (2.40) to (2.41) we ﬁnd thatXm2
k¼0
Dak;m1h2Dakmh1gkðxþ kyÞ

 6 d ð2:44Þ
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kDa01hm . . .Da0mh1g0ðxÞk 6 d ð2:45Þfor all x; y; h1; . . . hm 2 E. Since g0 ¼ ð1Þmf and a0k – 0 for 1 6 k 6 m, the inequality
(2.45) simply asserts thatkDhm . . .Dh1fðxÞk 6 d ð2:46Þ
for all x; h1; . . . ; hm 2 E. Thus, by Proposition (2.5), there exists a GP function
pm1 : E! F , of degree at most m 1 such thatkfðxÞ  pm1ðxÞk 6 d; ð2:47Þ
which completes the proof of Theorem 2.6. h3. MAIN RESULT
In this section we obtain the non-Archimedean Hyers–Ulam stability of the K-qua-
dratic functional equation.
Lemma 3.1. Let E be a vector space, F a non-Archimedean Banach space, K a ﬁnite
subgroup of the group of automorphisms of E and j ¼ cardK. Let f : E! F satisfykRk2Kfðxþ k  yÞ  Rk2Kfðk  yÞ  jfðxÞk 6 d; x; y 2 E: ð3:1Þ
ThenDjv fðuÞ  gðvÞ
  6 djjj ; u; v 2 E; ð3:2Þwith gðxÞ ¼ Pj1i¼0 ð1ÞjiP
j
i
 
j¼1 fðRk2Kijk  xÞ and Kij  K are pairwise different sets
such that cardKij ¼ j i for j 2 1; . . . ; ji
  
; i 2 f0; . . . ; jg.
Proof. We haveXji
 
j¼1
X
k2K
f
X
k2Kij
kk  x
 !
¼ j
Xji
 
j¼1
f
X
k2Kij
k  x
 !
; x 2 E; ð3:3Þsince for all b 2 K,bKij ¼ Kik; i 2 f0; . . . ; jg; j; k 2 1; . . . ;
j
i
  
:Now, ﬁx u; v 2 E. Let
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X
k2Kij
k  v; i 2 f0; . . . ; jg; j 2 1; . . . ; j
i
  
:  For all b 2 K; i 2 f0; . . . :; jg; j 2 1; . . . :; j
i
we have the two following cases
Case 1, b1 2 Kij. Thus i– j, let k 2 1; . . . ; jiþ 1
  
be such that
Kij ¼ Kðiþ1Þk
Sfb1g. So, we have
xi þ byij ¼ uþ ivþ
X
l2Kij
bl  v ¼ uþ ðiþ 1Þvþ
X
l2Kðiþ1Þk
bl  v
¼ xiþ1 þ byðiþ1ÞkCase 2, b1 R Kij. Since i– 0, let k 2 1; . . . ; ji 1
  
be such
thatKði1Þk ¼ Kij
Sfb1g. By a similar calculation to the previous we obtainxi þ byij ¼ xi1 þ byði1ÞkConsequently, from the above consideration we getXj1
i¼0
ð1Þji
Xji
 
j¼1
X
k2K
fðxi þ kyijÞ ¼ 0: ð3:4ÞNow, in view of (3.1), (3.3) and (3.4) we havejDjv fðuÞ  jgðvÞ
  ¼ jXj
i¼0
ð1Þji j
i
 
fðuþ ivÞ þ j
Xj1
i¼0
Xji
 
j¼1
ð1Þjif
X
k2Kij
k  v
 !

¼ j
Xj
i¼0
ð1Þji j
i
 
fðuþ ivÞ þ
Xj1
0
Xji
 
j¼1
X
k2K
ð1Þjif
X
k2Kij
kk  v
 !

¼
Xj1
i¼0
ð1Þji
Xji
 
j¼1
X
k2K
fðxi þ kyijÞ  jfðxiÞ 
X
k2K
fðkyijÞ
" #

6 d:This ends the proof. h
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group of the group of automorphisms of E and j ¼ cardK. Let f : E! F satisfykRk2K fðxþ k  yÞ  Rk2K fðk  yÞ  jfðxÞk 6 d; x; y 2 E: ð3:5Þ
Then there exists a unique GP function p : E! F solution of (1,1), of degree at most j,
such thatkfðxÞ  fð0Þ  pðxÞk 6 djjj : ð3:6ÞProof. According to (3.5), we haveDjv fðuÞ  gðvÞ
  6 djjj ; u; v 2 E: ð3:7ÞReplacing u by uþ v we getDjv fðuþ vÞ  gðvÞ
  6 djjj : ð3:8ÞBy (3.7) and (3.8) we obtainDjþ1v fðuÞ
  6 djjj : ð3:9ÞThen by Theorem (2.6) there exists a GP function q : E! F, of degree at most j, such
thatkfðxÞ  qðxÞk 6 djjj : ð3:10ÞFor 0 6 k 6 j, there is a rational-homogeneous form of degree k Ak : E! F such thatqðxÞ ¼ fð0Þ þ
Xm¼j
k¼1
AkðxÞ: ð3:11ÞBy (3.5) and (3.10), for all x; y 2 E,
X
k2K
qðxþ k:yÞ  jqðxÞ  jqðyÞ

 ð3:12Þ
6 max
X
k2K
ðqðxþ k:yÞ  fðxþ k:yÞÞ


(
;
X
k2K
ðqðk:yÞ  fðk:yÞÞ

;
kjðqðxÞ  fðxÞÞk; kRk2Kfðxþ k  yÞ  Rk2Kfðk  yÞ  jfðxÞk

6 djjj : ð3:13ÞNow (3.11) says, in light of (3.12) that, for all x; y 2 E,
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Xj
j¼1
X
k2K
Ajðxþ k:yÞ  Ajðk:yÞ 
Xm¼j
j¼1
AjðxÞÞ

 6 djjj : ð3:14Þ
In (3.13) replace x by rx and y by ry ðr 2 QÞ to conclude that, for all x; y 2 E and all
r 2 Q,jfð0Þ þ
Xj
j¼1
rj
X
k2K
ðAjðxþ k:yÞ 
Xj
j¼1
rjjAjðxÞ 
X
k2K
Xj
j¼1
rjAjðk:yÞÞ

 6 djjj ð3:15Þ
By continuity (3.14) holds for all real r and all x; y 2 E. Now suppose that / : F! R is
a continuous linear functional. Then by (3.14),/ðjfð0ÞÞ þ
Xm¼j
j¼1
rj/
X
k2K
ðAjðxþ k:yÞ 
Xj
j¼1
jAjðxÞ 
X
k2K
Xj
j¼1
AjðyÞÞ
( )
 6 djjj jj/jj
ð3:16Þfor all x; y 2 E and all r 2 R.
Since a real polynomial function is bounded if and only if it is constant, from the last
inequality we surmise that, for 1 6 j 6 j,/
X
k2K
ðAjðxþ k:yÞ  jAjðxÞ 
X
k2K
Ajðk:yÞÞ
( )
¼ 0 ð3:17Þfor all x; y 2 E. Since this is so for every continuous linear functional / : F! R, by the
Hahn-Banach theorem,X
k2K
ðAjðxþ k:yÞ  jAjðxÞ 
X
k2K
AjðyÞÞ ¼ 0 for x; y 2 E and 1 6 j 6 j: ð3:18ÞLetting pðxÞ ¼ qðxÞ  qð0Þ then p is a GP function of degree at most j and by (3.17) it
is a solution of Eq. (3.5),X
k2K
ðpðxþ k:yÞ  jpðxÞ 
X
k2K
pðk:yÞÞ ¼ 0 for x; y 2 E: ð3:19ÞFinally, by (3.10) and (3.18) we get the result, kfðxÞ  fð0Þ  pðxÞk < djjj ; x 2 E.
Let p0 be another GP function solution of (1.1) of degree at most j such thatkfðxÞ  fð0Þ  p0ðxÞk < djjj ; x 2 E:Then we get kpðxÞ  p0ðxÞk < djjj ; x 2 E. Thus, necessarily p ¼ p0. This ends the
proof. h
Theorem 3.3. Let E be a vector space, F a non-Archimedean Banach space, K a ﬁnite
subgroup of the group of automorphisms of E and j ¼ cardK. Let f; g; h : E! F be
functions satisfyingkRk2K fðxþ k  yÞ  jgðxÞ  jhðyÞk 6 d; x; y 2 E: ð3:20Þ
Operatorial approach to the non-Archimedean stability of a Pexider K-quadratic functional equation 81Then there exists a unique GP function p : E! F solution of (1,1), of degree at most j,
such thatkfðxÞ  fð0Þ  pðxÞk 6 djjj ; x 2 E; ð3:21Þ
jhðxÞ  jhð0Þ 
X
k2K
pðk:xÞ

 6 djjj ; x 2 E ð3:22Þ
andkgðxÞ  gð0Þ  pðxÞk 6 djjj ; x 2 E: ð3:23ÞProof. By posing that f0 ¼ f fð0Þ; g0 ¼ g gð0Þ; and h0 ¼ h hð0Þ, it is clear that
f0; g0; h0 satisfy (3.20). First we observe that:jh0ðyÞ 
X
k2K
f0ðk:yÞ

 6 d ð3:24Þ
andkjg0ðxÞ  jf0ðxÞk 6 d: ð3:25Þ
From the above inequality (3.20), (3.24) and (3.25) we havekRk2Kf0ðxþ k  yÞ  Rk2Kf0ðk  yÞ  jf0ðxÞk 6 d: ð3:26Þ
By Theorem (2.5) and inequality (3.24) and (3.25) the result follows. h
Corollary 3.4. Let E be a vector space, F a non-Archimedean Banach space, K a ﬁnite
subgroup of the group of automorphisms of E and j ¼ cardK. Let f; h : E! F be func-
tions satisfyingkRk2K fðxþ k  yÞ  jgðxÞk 6 d; x; y 2 E: ð3:27ÞThen there exists a unique GP function p : E! F, solution of K-Jensen equation,
Rk2K pðxþ k  yÞ ¼ jpðxÞ; x; y 2 E;of degree at most j, such thatkfðxÞ  fð0Þ  pðxÞk 6 djjj ; x 2 E; ð3:28ÞandkgðxÞ  gð0Þ  pðxÞk 6 djjj ; x 2 E: ð3:29Þ
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